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Abstract

Khayr al-din Khalil ibn Ibrahim was a 15th-century Otto-
man mathematician known for his works in Persian. Some
sources suggest he might be the same as Khodja Khayr al-
din, the tutor of Sultan Mehmed II, though this remains
uncertain. His most notable works are Miftah-i Kuniiz-i
Erbab al-Kalam wa Misbah-i Rumiiz-i Ashab al-Rakam and
Mushkilkusha-yr Hussab wa Mu'dilnuma-y: Kuttab, the 211

latter being an advanced algebra book dedicated to Sultan Divan isipLiNLERARASI
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debt calculation, and root extraction. It was later translated
into Turkish by his student Pir Mahmud S1dki Edirnevi.

Mushkilkusha-yr Hussab is a six-chapter algebra book that
includes definitions, methods, and advanced problem-solv-
ing techniques. It covers quadratic, cubic, and higher-degree
equations, including unique methods not commonly found
in classical algebra texts. The manuscript in the Ayasofya
Collection suggests it was copied for a royal audience.

This study aims to analyze the introduction and first chapter
of Mushkilkushda-y: Hussab by examining its manuscripts
from the Ayasofya and Sehid Ali Pasa collections. The re-
search explores the mathematical content, methodology,
and instructional approach of the book, highlighting its
significance as the earliest known algebra text written in
the Ottoman Empire. By investigating the problem-solving
techniques presented in the work, this study sheds light on
the advanced mathematical training required for Ottoman
accountants and scribes.

Keywords: History of science, Khayr al-din Khalil ibn Ibra-
him, Mushkilkusha-y: Hussab, history of mathematics in the
Ottoman Empire, algebra



1. KHAYR AL-DIN KHALIL IBN iBRAHIM AND HIS
MATHEMATICAL WORKS

Khayr al-din Khalil ibn Ibrahim (9th century AH / 15th century
CE) was a mathematician from the period of Mehmed II the Con-
queror, who wrote his works in Persian. Although little is known
about his life, some sources, referencing Tashkopruluzade’s work
al-Shaqdaik al-Nu‘maniyya, suggest that he might be the same
person as Khodja Khayr al-din, the tutor of Sultan Mehmed II the
Conqueror. According to Tashkopruluzade, Khodja Khayr al-din
was educated by Hizir Bey, taught at various madrasas in Istan-
bul, and later became the Sultan’s tutor. The same source states
that he passed away towards the end of Sultan Mehmed’s reign.!
However, since Khodja Khayr al-din Khalil dedicated his works
Mushkilkusha-yr Hussab and Mu'dilnuma-y: Kuttab to Sultan
Bayezid 11, either the information regarding his death is incorrect,
or Khayr al-din Khalil and Khodja Khayr al-din were different indi-
viduals.

Khayr al-din Khalil ibn Ibrahim is known for two mathemati-
cal works written in Persian. He is particularly recognized for his
first work, Miftah-i Kuniiz-i Erbab al-Kalam wa Misbah-i Rumiiz-i
Ashab al-Rakam, a treatise on accounting presented to Sultan Me-
hmed II. This work became renowned in the Ottoman realm as it
provided fundamental arithmetic knowledge required by account-
ants. It was later translated into Turkish by his student Pir Mah-
mud Si1dki Edirnevi.2

The treatise consists of an introduction explaining basic defini-
tions and methods, followed by ten chapters on various arithmetic
topics, and concludes with examples in the final section. The in-
troduction elucidates units of measurement used in commercial 213
Divan
1 fhsan Fazhoglu, “Osmanl Klasik Muhasebe Matematik Eserleri Uzerine Bir Deger- 20926/1

lendirme,” Tiirkiye Arastirmalar: Literatiir Dergisi 1, no. 1 (2003): 351; Ekmeleddin
thsanoglu vd., Osmanl Matematik Literatiirii Tarihi, Volume 1 (IRCICA, 1999), 33.
2 thsanoglu vd., Osmanli Matematik Literatiirii Tarihi, 34; Tuba Oguz Ceyhan, “Sayisal

Analiz Metotlarinin Kisa Tarihi ve Bu Baglamda Pir Mahmud Sidki1 Edirnevi’nin He-
sap Kitaby,” Turkish Journal of History 84 (2024): 1-34.
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arithmetic and their conversions. Subsequent sections discuss
fractions, divisibility rules, arithmetic operations with fractions,
and proportional numbers.

The first chapter covers multiplication of fractions, explaining
how to multiply various combinations of fractions, whole num-
bers, and mixed numbers. The following three chapters elaborate
on the multiplication of the units defined earlier. The fifth chapter
explores division, similar to the multiplication section, but focus-
ing on the division of various types of fractions and integers. The
sixth chapter addresses debt calculation, while the seventh exam-
ines the double false position method. Chapters eight through ten
detail the methods for extracting square roots, cube roots, and
fourth roots, respectively.3

Besides Miftah-i Kuniiz, Khayr al-din Khalil ibn Ibrahim also
authored another Persian treatise, Mushkilkusha-y: Hussab and
Mu'‘dilnuma-yr Kuttab, an advanced algebra book dedicated to
Sultan Bayezid II. Manuscripts of this work are in the Siileymaniye
Library’s Ayasofya Collection (no. 2731) and Sehid Ali Pasa Collec-
tion (no. 1993).* The Ayasofya manuscript is particularly notewor-
thy for its regal presentation, with the inscription “Shahzade Sul-
tan Mehmed” on the folio page, indicating that it was likely copied
for a prince.

Mushkilkusha-y1 Hussab consists of a preface, an introduction,
six chapters, and a conclusion. In the preface, the author narrates
the reason for writing his work, stating that while he was in seclu-
sion, his friends came to him and requested him to compose a few
chapters on the science of calculation. They asked him to write
an exceptional treatise that, in addition to the commonly known
knowledge, would also include subjects unique to the author him-
self. Khayr al-din Khalil highlights the distinction of his work from
existing studies by stating, “the scholars of old and the meticulous
philosophers had not arranged, refined, adorned, and structured
this science and knowledge in such a manner.”

The introduction provides definitions necessary for algebraic
operations, such as powers of algebraic quantities, multiplication,
positive and negative expressions, completion (tekmil), reduction

3 Hayruddin Halil b. ibrahim, Miftah-i Kuniiz-i Erbabi’l-Kalem ve Misbah-i Rumiiz-i
Ashabi’r-rakam, (Stileymaniye Library, Sehid Ali Pasa, 1973/2) 31b-78a.

4 Hayruddin Halil b. Ibrahim, Miiskilkugsd-yr Hussab ve Mu’zilnuma-y: Kuttab (Siiley-
maniye Library, Ayasofya, 2731) 1b-76b; (Sehid Ali Pasa, 1993) 1b-65b.
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(redd), balancing (mugabala), equality (mu‘adala), and mensura-
tion (mesaha). The second chapter includes various examples that
will be solved using six equations. The third chapter consists of a
range of problems. The fourth chapter discusses the solutions of
cubic equations, while the fifth chapter examines equations of the
fourth, fifth, and sixth degrees. The sixth chapter is dedicated to
mensuration, exploring the fundamental definitions and proper-
ties of geometry. In the conclusion, surface and volume problems
are addressed.

The discussion of solutions for cubic and higher-degree equa-
tions, as well as methods not commonly found in standard algebra
or calculus textbooks—such as solving equations without reduc-
tion or completion—indicates that the work is intended primarily
for advanced algebra education rather than for general readers.

Apart from the two works mentioned in the sources, a Persian
algebra treatise recorded in Manuscript No. 2980 of the Nuruos-
maniye Collection at the Siileymaniye Library is attributed to Khayr
al-din Khalil ibn Ibrahim. However, as there is no colophon indi-
cating its belonging to Khayr al-din Khalil, the phrase written in the
title—“cx i e S dbliny e dLe,” (The Algebra Treatise of Khayr al-
din’s Son)—suggests that the work actually belongs to his son rath-
er than to himself. This treatise represents a variation of the intro-
duction to Mushkilkusha-y: Hussab. The author’s son included the
theoretical content from his father’s work but transcribed only a
limited selection of the examples.

The most intriguing part of the treatise appears at the end, where
a poetic mathematical problem is presented. This problem, which
has been frequently encountered in Persian and Turkish versions
of accounting mathematics books since the 15th century CE, is—
based on current knowledge—first found in Khayr al-din Khalil ibn
Ibrahim’s renowned work Miftah-i Kuniiz.®

The problem describes a merchant who possesses three precious
stones: a diamond, a ruby, and a garnet. The prices of these stones
are expressed in relation to a fixed amount of 1,000 Florins, from
which specific fractions of the prices of the other stones are de- 215
ducted. According to the problem, if one-third of the diamond’s  Divan
price is subtracted from 1,000 Florins, the result is the ruby’s price. ~ 2026/1

5 For fifteenth and sixteenth century sources containing this verse problem, see Atilla
Polat, “15. ve 16. Yiizy1l Tiirkce Matematik Eserlerinde Gegen Manzum Bir Matema-
tik Problemi,” Osmanli Bilimi Arastirmalari 22 no. 2 (2021): 241-253.
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If half of the ruby’s price is subtracted from 1,000 Florins, the result
is the price of the garnet. If one-fourth of the garnet’s price is sub-
tracted from 1,000 Florins, the result is the price of the diamond.
The sum of the prices of all three stones is given as 2,200 Florins.

When representing the prices of the diamond, ruby, and garnet
as x, y, and z, respectively, the given information provides the fol-
lowing system of equations:

= 1000 X
V= 3
_ _Y
z=1000-3
— 10002
r= 4

x+y+z=2200

To solve the problem, the price of the ruby (y) is taken as the base
variable, and the prices of the other stones are expressed in terms
ofy:

1000 )
X = 1000_TZ7SO+_

x+y+z=750+%+y+1000—§

5y
2200 = 1750 + ==

Applying the method of muqgabala (balancing), we have

5y
450 = ry
and
y =720

Thus, the price of the ruby is found to be 720. Using this value to
find the prices of the other stones: z = 640 and x = 840.

What is particularly interesting here is that the problem, which
Hayreddin Halil b. Ibrahim originally solved using the double false
position® method in Miftah-i Kuniiz, was instead solved algebrai-
cally by his son in this treatise. In all previously identified Turkish

6 For double false notation in Miftah-i Kuniiz, see Tuba Oguz Ceyhan, “Klasik Dénem
Osmanli Matematiginde Pir Mahmud Sidki Edirnevi'nin “Cift Yanhs” Metodu” Er-
dem79, (2020): 149-174.
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and Persian works containing this problem, the double false po-
sition method had been consistently applied. The fact that Khalil
ibn Ibrahim’s son opted for an algebraic approach, which offers a
more straightforward solution, is noteworthy.

Another indication of the widespread influence of Mushkilkusha-
y1 Hussab is the remarkable similarity between the algebra section
of Turkt Hisab,” the earliest known Turkish mathematics book of
unknown authorship, and the introduction of Mushkilkusha-y:
Hussab —suggesting that the former might be an almost direct
translation of the latter. Furthermore, the sections on Indian arith-
metic and the double false position method in Turki Hisab closely
resemble those found in Miftah-i Kuniiz. These similarities sug-
gest that the author of Turki Hisab may have compiled his work
by translating and merging various sections from two of Khayr al-
din Khalil ibn Ibrahim’s books—one focused on arithmetic and the
other on algebra. However, considering the copying date of Turkr
Hisab in the year 1461 CE and the fact that Khayr al-din Khalil ibn
Ibrahim dedicated Mushkilkusha-yt Hussab to Sultan Bayezid II,
it becomes evident that further evidence is needed to resolve the
chronological discrepancy.

This study presents a mathematical interpretation of the intro-
duction and first chapter of Mushkilkushd-y: Hussab, using the
manuscripts from Ayasofya and Sehid Ali Pasa collections as pri-
mary sources. This analysis offers insights into the content and
methodology of the earliest algebra book written in the Ottoman
realm, demonstrating the rigorous training in algebra required of
accountants at the time.

2. MATHEMATICAL ANALYSIS
2.1. Introduction

The article begins with nine definitions.

In the first section, the quantities used in algebraic operations
are introduced. Initially, the acquisition and naming of unknowns J

and their powers are explained. According to this: Divan
2026/1

7 For a translation of the work, see Sermin Kalafat, Eski Anadolu Tiirkgesiyle Yazilmuis
Bir Matematik Kitab: Tiirki Hisab: Izleksel Terimbilimsel Inceleme (Kesit Publishing,
2019).
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ii.

iii.

iv.

Vi.

vii.

viii.

ix.

Square (mal, murabba’, mecziir): The product of a number
multiplied by itself.

Root (cezr, shey): The number being multiplied by itself to
obtain a square.

Cube (ka’b, muka‘ab): Obtained by multiplying the root by
its square.

Square-square (mal-i mal): The product of the cube and the
root.

Square-cube (mal-i ka’b): Obtained by multiplying the
square-square by the root.

Cube-cube (ka'b-i ka'b): The product of square-cube and the
root.

Square-square-cube (mal-i mal-i ka‘b): Obtained by multi-
plying the cube-cube by the root.

Square-cube-cube (mal-i ka'b-1 ka'b): The product of square-
square-cube and the root.

Cube-cube-cube (ka'b-1 ka'b-1 ka'b): Obtained by multiplying
square-cube-cube by the root.

Higher powers are obtained by arranging mal and ka‘b together.

Given a number, the above definitions are expressed as:

i.
ii.
iii.
iv.
V.
Vi.

vii.

Vviii.

ix.

Square: x?2
Root: x = Vx2
Cube: x3

Square-square: x4
Square-cube: x°
Cube-cube: x°®
Square-square-cube: x”
Square-cube-cube: x8

Cube-cube-cube: x°

The relationships between these powers can be observed in the

For

sequence. The ratio of one power to the next is constant, indicating
a geometric progression.

any number x different from zero,
x  x2 x3 x* x5 x® x7 «B
x% x3 x* x5 x® x7 x% «x°
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x3  x2

X 1
and similar ratios can be obtained.

Similarly, a proportional relationship exists among the fractional
components of the root. The ratio of unity to the root is defined as
the fraction of the root (cuz’-i cezr). The number whose ratio to the
fraction of the root is equal to the ratio of the fraction of the root to
unity is called the fraction of the square (cuz’-i mal). The number
whose ratio to the fraction of the square is equal to the ratio of the
fraction of the square to the fraction of the root is termed the frac-
tion of the cube (cuz’-i ka'b). Likewise, the number whose ratio to
the fraction of the cube is equal to the ratio of the fraction of the
cubeto the fraction of the squareis called the fraction of the square-
square (cuz’-i mal-i mal).

According to these definitions, for any nonzero number x:

i. The fraction of the root is ’—1(

ii. The fraction of the square is x—lz

iii. The fraction of the cubeis x—13

iv. The fraction of the square-squareis x—14

This pattern can be extended further to higher fractional powers.
Additionally, a proportional relationship exists among the terms of
this sequence.

Rl

After introducing algebraic terms in the treatise, the second sec-
tion transitions to multiplication and division.

Multiplication is divided into two categories: simple multiplica-
tion and compound multiplication.

a. Insimple multiplication, both the multiplicand and the mul-
tiplier are single terms, and their coefficients are equal to
one. Examples include:

219
i. Rootmultiplied by root

Divan
ii. Squaremultiplied by square 2026/1
iii. Cube multiplied by cube

iv. Root multiplied by square

v. Square multiplied by root
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This classification establishes a structured approach to multipli-
cation within algebraic operations.

Let x be an algebraic quantity. Then the multiplications

2

x-x, x2-x2, x3-x3, x-x2, x2

XX

are simple multiplications.

b. In compound multiplication, both the multiplicand and the
multiplier consist of multiple terms and may have different
coefficients. Examples include:

i. (Root and square) multiplied by (a number and a root)
ii. (Anumber and a root) multiplied by (a square and a cube)

iii. (A number and a root) multiplied by (a square-cube and
a square-square)

This type of multiplication extends beyond simple monomials,
involving more complex algebraic expressions and their interac-
tions.

Let a be a number and x be an algebraic quantity. Then

(x+x2)-(a+x), (a+x) (x?+x3), (@+x)- (x°+x%
are compound multiplications.

Performing simple multiplication is straightforward. The expo-
nents of the multiplied variables are added together and written as
the exponent of the result.

x-x=x2, x2-x2=x%, x3-x3=x6 x3-x2=x5, x

2 3

X=X

In compound multiplication, multiple simple multiplications
must be performed.

For example, if we want to multiply two roots and one square and
five by two roots and one square and five, we need to apply the dis-
tributive property and perform nine separate multiplications, as
each term in the first expression must be multiplied by each term
in the second expression.

(2x+x2+5)-2x+x%2+5)

220 =2x-2x+x%-x2+5-54+2x-x2+x2-2x+2x-5+5-2x +x2- 545 x?
Divan =254 20x + 14x2 + 4x3 + x*
2026/1 Division is the inverse of multiplication, so dividing monomials

is relatively simple. When variables of the same degree are divided,
the result is a numerical quotient.



The First Algebra Book In The Ottoman Empire

If the degree of the dividend (the numerator) is the same as the
degree of the divisor (the denominator), the quotient is expressed
as a number.

However, if the degree of the dividend differs from the degree of
the divisor, the quotient will be a term that, when multiplied by the
divisor, gives back the dividend. For example,

) a
axc +bx =—x,
b

.b_a
ax = —bx,

.b _a
ax +bx = -

A monomial cannot be divided by a binomial or polynomial.
However, the reverse is possible. For example, if we divide ten
cubed and ten squared minus ten root minus ten by two roots, four
operations are needed to solve this problem.

(10x3 + 10x2 — 10x — 10) + 2x
= (10x3 =+ 2x) + (10x2 = 2x) + (—=10x + 2x) + (=10 + 2x)

5
=5x24+5x—5——
x

In the third section, the multiplication of expressions with posi-
tive (musbef) and negative (menfi) terms is examined. For exam-
ple, in the expression two squares minus two roots, two squares is
positive, and two roots is negative. The rules for multiplying posi-
tive and negative terms are provided. According to these rules:

i. The product of positive and positive terms is positive:
H)-(H=+

ii. The product of negative and negative terms is also positive:
(=) () =+

iii. The product of positive and negative terms is negative:
H-=)=-

For example,

(x2 - x2) + (=2x - —2x) + (2x2 - —2x) — 4x3 = x* + 4x2% — 8x3

In the fourth section, the process of completion (fekmil) is dis- 221
cussed. Completion refers to the process of expanding an equation  Divan
so that terms with coefficients smaller than 1 are adjusted to have  2026/1
a coefficient of 1. This is done by adding a term that transforms the
fractional term into a whole term and increasing the other terms
proportionally to maintain the equation’s balance. For example,
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3
§x3 + 15x2 = 60x + 24

To complete the term §x3 to x3, we need to add §x3. This opera-

tion corresponds to increasing §x3 by a factor of 2. When this in-
3
crease is applied to all terms in the equation, the result is:
3

3+5 3 3+15 2+5 15x2 = 60 +5 60 +24+5 24
8* T3'8" X XT = OO T 00X 3

x3 4+ 40x2% = 160x + 64

In the fifth section, algebra operation (al-jabr) are explained. The
algebra operation involves adding a term with negative sign in one
side of the equation to both sides of the equation in order to com-
plete the missing part. For example,

7x —5 =23

7x —5+4+5=23+4+5
7x = 28

x=4

In the sixth section, reduction (redd) operations are examined.
This operation is the reverse of the completion operation, mean-
ingitinvolves reducing the equation so that terms with coefficients
greater than one are adjusted to have a coefficient of one.

The reduction process is carried out by subtracting a value from
the term with a coefficient greater than 1 in such a way that its coef-
ficient becomes 1. Other terms are then simplified using the same
ratio. For example,

3x3 + 3x2 = 60x

To reduce the term 3x3 to x3, we need to subtract 2x3. This op-
eration reduces 3x3by a factor of 2. When this ratio is applied to all
other terms in the equation, the following equation is obtained:

2 2 2
3_%2.2.3 2_ 2. 9.2 _Z.
3x 3 3x° + 3x 3 3x 60x 3 60x

x3 4+ x%2 =20x

In the seventh section, the balancing operation (muqgabala) is
discussed. The balancing operation refers to the simplification of
terms of the same degree on both sides of an equation. In this case,
the smaller term is subtracted from both sides of the equation. For
example,
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2x?% + 4x = 10x

2x% +4x — 4x = 10x — 4x

2x?% = 6x

Another example:
2x3+2x2+5x—2=x3+x%2+17x -2

2x3 —x3+2x2 +5x—2=x3—x3+x2+17x -2
x34+2x2+5x—-2=x2+17x—2
x3+2x2—x2+5x—-2=x?>—x?+17x -2
x3+x2+5x—2=17x—2
x34+x2+5x—5x—2=17x —5x — 2
x3+x2—-2=12x-2
x34+x2-2+42=12x—-2+2

x34+x2=12x

In the eighth section, the concept of equality is mentioned.

Equality refers to the state where two expressions are balanced or
equivalent in value.

In the ninth and final section, mesaha (mensuration) is defined.
Mesdaha refers to the methods of calculating areas and volumes,
which are crucial for solving geometric problems involving space
and surfaces.

After these definitions, the main body of the text, which explains
the theory of equations, follows. This section includes the various
types of equations and the methods for solving them, providing a
comprehensive overview of algebraic principles related to equa-
tions.

2.2. The six equation forms

The six equation forms of algebra are introduced in the first chap-
ter. These six forms are categorized into two types: three discrete
(mufterikat) forms and three compound (mukterinat) forms. The
first three are called discrete since there is only one term on each i
side of the equation. Conversely, the other three are called com- Divan
pound as there is more than one term on one side of the equation. 202671

The discrete equations are as follows:
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i. bx=c
Examples:

a. If 29 = 5x, then what is x?

b.If %x = 5;, then what is x?

1 1 1 1
6-—x+—x=6-<5—)+5§

7 7 3
1
x=37—
3 1 .

cIf x_z+g,thenwhat1Sx?8

1 _ <3+1)

9"~ 20475

1 —

9x_20

19x9 171 1 1
x = = =8+4+-+—-=

20 20 °tzt102

ii. ax? = bx

Examples:

a.If 11x = 3x2, then what is x?
11 2

:—:3—
=373

S

x?=13-

NeJ

b.If252 + 142 = 10y + 2 then what is x?
7 7

224 7 2+7 2=7x+;x
Divan B D
7 7

2026/1

301, . . . . . . .
8 Here, - + - is considered as one number written in basic fractions (fractions with
numerator 1, and the fraction 2), rather than the sum of two separate fractions.
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75
_ 7 _
x—E—S
7
x2 =25

1
C. Ifgx2 = 3x, then what is x?

Lo 4 5

gx +§x =3x+4-3x
x? = 15x

x =15

x? =225

Examples:

a. If3x2 + x—; = 30, then what is x2?

10

? xz =30
10x2 =90
x2=9

The problems in these three discrete forms are all solved using
similar methods.

Afterward, we move on to compound equations. In compound
equations, if the coefficient of x2 is not 1, the equation is trans-
formed to have a coefficient of 1 through either the reduction or

completion process.

The compound equations are as follows:

iax? +bx=c

To solve this form of the equation, first, the coefficient of x? is
transformed to 1 if it is greater or less than 1. Then, the following
steps are taken:

1. Half of the coefficient of x is squared and added to the con-
stant term of the equation.

2. The square root of the resulting value is taken.

Divan
2026/1

225
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3. Half of the coefficient of x is subtracted from the square root.
4. The resulting value is the root of the equation.

That is, for x2 + bx = c,

- &) et
*=\2) T2
We note that here, as well as in the following two forms, only
positive roots are found.

Example:

a.If5x + x2 =26 +z+i-;ll,thenwhatisx,whatisxz?

11 1 3 1 1
(2—) +26+Z+Z'4—=6z+26+z+1—6=331—6
1 _ 3
331_6_51
3 1
52—2—=3Z
1
X=3Z
x2=10+—+i
2 16

If the coefficient of the square term is greater than 1, it needs to
be reduced to 1. If the coefficient is smaller than 1, it needs to be
rounded up to 1.

To do this, if the coefficient is greater than 1, excess squares are
subtracted to reduce the coefficient to one. If the coefficient is
smaller than 1, missing squares are added to complete the term
to 1.

Additionally, the same amount of reduction or completion is ap-
plied to the other terms in the equation to maintain balance.

226 - :
Divan xampre:
2026/1 b. If4x2 + 12x = 55, then what is x 2
4x2 +12x = 55

243 133
x x=13-
4
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c. If%x2 + 11x = 30, then what is x, what is x%?

2
—x2+11x = 30
5
1
x2 + 275x =75

2

27% c 1
—* +7 —264E
2641—161

16 4
16 133—21
4 4= 72
X=43

If the coefficient of x2 is either greater than 1 or smaller than 1,
but does not want to be changed, the following steps are followed:

1. Half of the coefficient of x is squared and added to the prod-
uct of the constant number and the coefficient of x2.

The square root of the resulting value is taken.
Half of the coefficient of x is subtracted from the square root. 227

The resulting value is divided by the coefficient of x2. Divan
2026/1

AR

The result is the root of the equation.

That is, for the equation ax? + bx = ¢,
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Examples:
d. If2x2 4+ 5x = 33, then what is x, what is x 2?2

2x% +5x =33
(21>2+2 33—61+66—721
2 T4 B
72 81
)
81 =6
> =
6—3
o=
x =3
x2=09

e. If§x2 + 11x = 30, then what is x, what is x2?

(51)2+2 30—301+12—421
e !

2 5
11
421—65
1 1
65—55—1
1 5 1
2-2723
5
1
x=2§
228 1
Divan X% =67
2026/1

i.ax? + ¢ = bx
In solving this equation form, the coefficient of x?2 is first trans-
formed to 1if it is greater or less than 1. Then,
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Half of the coefficient of x is squared, and the constant term on
the side of x2 is subtracted from this square.

1. If the square of half the coefficient of x is smaller than the
constant term, the equation has no solution.

2. Otherwise, the square root of the resulting value is taken.
3. The square root is subtracted from half the coefficient of x.

4. The final result is equal to k.

b
_ 2) >
That is, for x? + ¢ =bx gpq (2) = C,

Example:
a. 1f3x% 4+ 48 = 25x, then what is x, what is x2?

1
x2+16=8x+§x

1
°3 16—1+1 11
2 B 3 66
1+1+11—1

3 66
1

°3 11—3
2 6

x1 =3, x12=9

In this case, the equation has another positive root, and it can be
found by subtracting the first root from b.

1 1
8 § —-3=5 §
1 ) 111 4
x2=5§, x2=28+§+§-§=28+§ 229
If the square of half the coefficient of x is equal to the constant  pjyan
term, that is, 2026/1

B~

the roots are equal to half the coefficient of x.
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Example:

b.Ifx% + 9 = 6x, then what is x, what is x2?
2

5) =

>) =

Since the constant is also 9
x=3, x2=

If a solution is sought for the equation ax? + ¢ = bx when the co-

efficient of x2 is either greater or less than one, the following value
is calculated:

by J@) - b
a

These values represent the roots of the equation.

Example:

c. If2x2 + 40 = 18x, then what is x, what is x 2?2
2

18
(7) ==
40-2 =280
81-80=1
Vi=1
18
7—1=8
8 2
x1—5=4, x; =16
18
7+1=10
10 2
x2=7=5, x5 =25

If x2 is to be determined first in the equation ax? + ¢ = bx, the fol-

lowing method is applied:

1. The square of the coefficient of x is taken and multiplied by
the constant term. This result is retained.

2. Separately, the square of half the square of the coefficient of x
is computed. The retained result is subtracted from this value.

3. The square root of the remainder is taken.
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4. Adding this root to half the square of the coefficient of x and
then subtracting the constant term yields one possible value
of x2.

5. Conversely, subtracting the obtained root from half the square
of the coefficient of x and then subtracting the constant term
yields the other possible value of x?2.

In summary, for the equation x2 + ¢ = bx, the values of x? are
given by:

% b2\’
==+ <—> —b?%c |—-c

2 2
b? b2\’
2= _ — | —p2¢c |-
X3 = <2> b4c c
Example:
d. If x2 + 18 = 9x, then what is x%?
92 =81
81-18 = 1458

92\? 1
(7) = 164071

1 1
1640—— 1458 = 182-
4 4

1821—131
4= 772
2—81+131 18 =54 —-18 =136
1= 2 = =
X1 = 6
2 _ 81 131 18=27-18=9
275 2 = =
X2 = 3
231
iii. bx + ¢ = ax? Divan
2026/1

First, the coefficient of the square term is adjusted to 1 using the
reduction or completion method. After this, the equation is solved
by computing the following value:



Zehra BILGIN

B, (b)z+
2 2) 7€

This value represents the root of the equation.

Examples:

a.If3x + 4 = x2, then what is x, what is x2?
3\2 1
(—) t4=64-

2 4
64=2+
1=
2+1+3—4
2 2
x =4, x%=16

b. If2x% = 5x + 12, then what is x, what is x2?

2—21 +6
x—zx

3 . .
C. If;x2 = 2x + 7, then what is x, what is x2?

First, the coefficient of x2 is completed to 1, and the same com-
pletion is applied to other terms as well.
3 4 2 1
232 _ 7x2+7x2=2x+2§x+7+9§
Divan
2026/1 2 42,1161
X 3 x+16 3
2

2
43
2
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217+ §—42+21—7
9 2 "3 "3
x=17 x2=49

If the equation is to be solved without reducing or completing
the coefficient of x2 to 1, the following method is applied:

1. The square of half the coefficient of x is added to the product
of the coefficient of x?and the constant term c.

2. The square root of this sum is taken.
3. This root is added to half the coefficient of x.
4. The result is then divided by the coefficient of x2.

In summary, the solution to the equation is given by:
b (b
_ 5 + (7) + ac
a
Example:

a. If4x2 = 12x + 16, then what is x, what is x 22

122
(—) +4-16 = 100

2
12
V100+7=16
16_,
T =
x =4, x%*=16

If x2is to be found first, the following method is applied:

1. If the coefficient of x2 is greater or less than 1, it is reduced or
expanded to1

2. The square of the coefficient of ix is taken and multiplied by C
. The result is kept.

3. The square of half the square of the coefficient of x is taken
and added to the previously kept result.

233
Divan

4. The square root of this sum is taken.
2026/1

5. This root is added to C and half the square of the coefficient
of x.

6. The resulting value is equal to x2.
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In summary,

b2 b2\*
2 2
X 2+ <2> + b°c+c

Example:

b. Ifx2 = 4x + 32, then what is x, what is x22
42 =16
16-32 =512

42\?
<7> +512 = 64 + 512 = 576

V576 = 24

4_2
24+7+32=24+8+32=64

x2=64 x=8

2.3. Higher-Degree Equations

After explaining the solution methods for the six fundamental
equation forms, the text states that equations are not limited to
these six forms. It then explores how certain higher-degree equa-
tions can be solved. The equations discussed in this section are
special cases that can be transformed into second-degree equa-
tions through the substitution method.

Example:
a. If x* + 3x2 = 2548, then what is x 22

By substituting x? = y, the given equation is transformed into:
y? + 3y = 2548

Here, the term x? = y is called the intermediate term (vasita).

To solve the equation, we take half the coefficient of the interme-

diate term, square it, and add it to the constant term, as the inter-

mediate term is not alone on one side:
2

(3) 42548 = 2550~
2 B 4

The square root of this value is taken:

25501—501
4= 772
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Since the intermediate term is on the same side as the highest-
degree term, we subtract its half from the square root:

501 11—49
2 2

which is y. Thus, we obtain:
x? =49

b.Ifx* + 9 = 10x2, what is x2?

By substituting x? = y, the equation transforms into:

y2+9 =10y

To solve this equation, half of the square of the intermediate

term’s coefficient is taken, and this is subtracted from the number,
since the intermediate term is alone on one side of the equation.

102
(EJ —9=25-9=16

The square root of this value is taken:

V16 =4

This root is added to half of the intermediate term’s coefficient:
10

44+—=9
2

The obtained value is equal to x?, so:

x2=9

Actually, x? = 1 is the other solution, but the book does not in-
clude it.

c. Ifx* = 10x2 + 96, what is x 22
By substituting x? = y, the equation transforms into:
y2 =10y + 96
To solve this equation, half of the square of the intermediate
term’s coefficient is taken and added to the number, since the in- 235
termediate term is not alone on one side of the equation. Divan
? 2026/1

10
(7> +96 =121

The square root of this value is taken:

V121 =11
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Since the intermediate term is on the same side as the lowest de-
gree term, half of it is added to this root:

10+11—16
> =

The obtained value is equal to x?, so:
x2 =16

d. If3x3 + 40 = x6, whatisx3?

By substituting x3 = y, the equation transforms into:

3y + 40 = y?

To solve this equation, half of the square of the coefficient of x3is

taken and added to the number.
2

(3) + 40 =42 !
2 T4
The square root of this value is taken:

421—61
4= "2

Since the intermediate term is on the same side as the lowest de-
gree term, half of it is added to this root:
3 1

—+6-=8
2103

The obtained value is equal to %3, so:

This method can be applied to all equations with similar powers.
In a suitable equation, the highest-degree term is considered y?,
and the transformation is applied, yielding a quadratic equation.

236
Divan
2026/1



The First Algebra Book In The Ottoman Empire

CONCLUSION

Khayr al-din Khalil ibn Ibrahim, a scholar of the period of Me-
hmed II the Conqueror, is known for his Persian mathematical
works. Among these, Miftah-i Kuniiz-i Erbab al-Kalam wa Misbah-
i Rumiiz-i Ashab al-Ragam was a foundational work in account-
ing mathematics, used for a long time in the Ottoman Empire.
His work on algebra, Mushkilkusha-y: Hussab wa Mu’dilnuma-yi
Kuttab, as its name suggest, was also written for accountants and
scribes. However, considering the topics covered, it constitutes
an advanced algebra book. From the preface of the work, we learn
that Khayr al-din Khalil dedicated his work to Sultan Bayezid II.

This article examines the introduction and the first chapter of
Mushkilkusha-yr Hussab wa Mu'‘dilnuma-y: Kuttab. The introduc-
tion provides the fundamental definitions necessary for algebra.
The first chapter explores equation-solving methods. In addition
to the six equation forms and classical solutions used to solve
quadratic equations, Hayreddin Halil also presents alternative
solution methods and explanations for various special cases. Fur-
thermore, in the final section of the first chapter, he explains how
some higher-degree equations can be transformed into quadratic
equations for solutions.

Khayr al-din Khalil’'s work differs from classical algebra books
both in its approach to topics and its level of complexity. These
characteristics suggest that the work was written to educate ac-
countants and scribes in advanced algebra topics. Another impor-
tant feature of the book is that it is the first work in the Ottoman
Empire dedicated solely to algebra.
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OSMANLI ULKESINIiN iLK CEBIR KiTABI: HAYREDDIN HALIL
B. IBRAHIM’IN MUSKILKUSA-YI HUSSAB VE MU‘ZILNUMA-YI
KUTTAB ADLI ESERININ iNCELEMESI

0Oz

Hayreddin Halil b. Ibrahim, XV. yiizyilda yasamis ve eserle-
rini Farsca kaleme almig bir Osmanli matematikgisidir. Bazi
kaynaklar, onun Sultan II. Mehmed’in hocas1 olan Hoca
Hayreddin ile ayni kisi olabilecegini 6ne stirse de, bu kesin
olarak bilinmemektedir. En 6nemli eserleri Miftah-i Kiintz-i
Erbabi’l-kalem ve Misbah-i Rumiz-i Ashabi’r-rakam ile Sul-
tan II. Bayezid’e ithaf ettigi ileri diizey bir cebir kitab1 olan
Miiskilkiisa-y1 Hiissab ve Mu‘zilnuma-y1 Kiittab'tir.
Osmanli muhasebecileri tarafindan kullanilan temel bir
aritmetik kitabi olan Miftah-i Kiin(iz, kesirler, béliinebilirlik
kurallari, orantili sayilar, carpma, bélme, borg hesaplama ve
kok alma gibi konulari ele almaktadir. Daha sonra égrencisi
Pir Mahmud Sidki Edirnevi tarafindan Tiirkceye cevrilmistir.

Alt1 boliimden olusan bir cebir kitabr olan Miiskilkiisa-y1

Hussab, ise tanimlar, yontemler ve ileri diizey problem

¢ozme tekniklerini icermektedir. fkinci dereceden, {igiincii
dereceden ve daha yiiksek dereceden denklemleri ele ala-

rak klasik cebir kitaplarinda yaygin olmayan bazi yontemler
sunmaktadir. Ayasofya Koleksiyonu'ndaki el yazmasi, eserin

saray mensuplari icin kopyalanmis olabilecegini gostermek-

tedir.

Bu calisma, Miiskilkiisa-y1 Hussab’in giris boliimiinii ve bi-

rinci faslini, Ayasofya ve Sehid Ali Pasa koleksiyonlarindaki
yazmalari inceleyerek analiz etmeyi amaclamaktadir. Aras-

tirma, eserin matematiksel igerigini, yontemlerini ve dgre-

tim yaklasimini ortaya koyarak Osmanli’da yazilmis bilinen

en eski cebir kitab1 olarak 6nemini vurgulamaktadir. Calis-

ma, eserde sunulan problem ¢dzme tekniklerini inceleyerek

Osmanl muhasebecileri ve katipleri icin gerekli olan ileri

diizey matematik egitimi hakkinda fikir vermeyi hedefle-
mektedir.

Anahtar Kelimeler: Bilim Tarihi, Hayreddin Halil B. Ibra- 239
him, Miigkilkiisa-y1 Hiissab, Cebir, Osmanh Matematik Ta-  Djyan
rihi 2026/1
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